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Abstract. We study two equivalent characterizations of the strong Feller property 
for a Markov process and of the associated sub-Markovian semigroup. One is described 
in terms of locally uniform absolute continuity, whereas the other uses local Orlicz- 
ultracontractivity. These criteria generalize many existing results on strong Feller 
continuity and seem to be more natural for Feller processes. By establishing the 
estimates of the first exit time from balls, we also investigate the continuity of harmonic 
functions for Feller processes which enjoy the strong Feller property. 
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1. Introduction 

Let ({Xt}t>o, P^) be a Markov process on R*^ with transition probability function 
Pt{x,dy). For any / G Biy(K'^), the set of bounded Borel measurable functions on R'^, 
define 

Ttf{x) = j f{y)Pt{x,dy), x G E". 

Then, {Tt}t>o is a sub-Markovian semigroup on Bi,{M!^), i.e. Tt : i?b(R'^) — ?■ Sfe(R'^) and 
if u G BblR'^) with < u < 1 then < Ttu < 1. Write Cb{R'^) (resp. Coo(R'^)) for the 
set of bounded continuous functions (resp. continuous functions vanishing at infinity). 
The semigroup {Tt}t>o has the 

Feller property: if G C^{R'^) for all / G C^{R'^) and all t > 0. 

Cb-Feller property: if Ttf G Cb{R'^) for all / G Cb{R'^) and all t > 0. 

strong Feller property: if Ttf G Cb{R'^) for all / G ^^(R'^) and all t > 0. 

A Feller semigroup is a sub-Markovian semigroup which has the Feller property and 
which is on Coo(R'^) strongly continuous: limj^o ||^t/~/||oo = for all / G Coo(R'^). A 
Feller process is a Markov process where the associated semigroup is a Feller semigroup. 

In this paper we investigate the strong Feller property of a sub-Markovian semigroup 
{Tt}t>o- It is obvious that the strong Feller property implies the Cfo-Feller property — 
but it does not necessarily entail the Feller property. Some criteria ensuring that a 
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sub-Markovian semigroup has the C;,-Feller property are known, see e.g. [22, Theorem 
3.2]; this condition is by no means sharp and as far as we know no sharp condition is 
currently known. Here, we will establish two equivalent criteria for the strong Feller 
property which take different forms: one is based on locally uniform absolute continuity, 
see Theorem 2.1; the other one is based on local Orlicz-ultracontractivity, see Theorem 
2.8. 

For Feller processes, the above conditions can be simply expressed by locally uniform 
absolute continuity and local Orlicz-ultracontractivity with respect to Lebesgue mea- 
sure. For Levy processes — these are the spatially homogeneous Feller processes — this 
is not only equivalent to Hawkes's well-known result [13] on the existence of transition 
densities, but also yields a new characterization for the strong Feller property of Levy 
processes, see Corollary 3.2. Strong Feller continuity is an interesting property in its 
own right, and is also needed in many applications, e.g. for the equivalence of transition 
probabilities, for ergodic properties, etc. We will also point out the relationship between 
semigroups (resp. resolvents) enjoying the strong Feller property and the continuity of 
harmonic functions for general Feller processes. 

2. General results: Sub-Markovian semigroups 

Let {Tt}t>Q be a sub-Markovian semigroup on Bh{R'^) which has the Cfe-Feller prop- 
erty. At this point we do not assume strong continuity of the semigroup. Recall that 
{Tt}t>o is said to have the strong Feller property if Tj : -Bfe(E'') Cb(E'^) for all t > 0. 
A general exposition of the strong Feller property can be found in [12]. Denote by 
Pt{x,-) the kernel representing Tj, i.e. Pt{x,A) := TtlA{x) for all t > 0, a; G R'^ and 
A e ^{R'^). 

2.1. Criterion I: Locally uniform absolute continuity. 

Theorem 2.1. Let {Tf}f>o be a sub-Markovian semigroup on i?b(R'^). Then the fol- 
lowing properties are equivalent: 

(a) {Tt}t>o has the strong Feller property; 

(b) {Tt}t>o has the Ch-Feller property and for every t > there exists some positive 
Radon measure fit on R!^ such that the family of measures {Pt{x , dy)) ^^-^d is 
locally uniformly absolutely continuous with respect to fit, i-^- for any compact 
set K CR'^ it holds that 

Hm sup sup Pt{z, A) = 0. 

(c) {Tt}t>o has the Ch-Feller property and for every t > there exists a probability 
measure fit on R'^ such that the family of measures {Pt{x , dy)) ^^^d is locally 
uniformly absolutely continuous with respect to fit- 

If, in addition, the semigroup {Tt}t>o is such that for every f G C^(R'^), Ttf converges 
locally uniformly to f as t tends zero, then all statements above are also equivalent to 

(d) {Tt}t>o has the Cb-Feller property and there exists a probability measure fi on 
R'^ such that for every t > the family of measures {Pt{x , dy)) ^^^d is locally 
uniformly absolutely continuous with respect to fi. 
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Usually it is straightforward to check the Cfc-Feller property. For example, according 
to [22, Theorem 3.2; (ii)^ (iii)!' {Tt}t>o has the Cb-Feller property if and only if for 
each t>0,Tt maps C^{R'^) into Cfc(E'^) and G ^^(E'^). By Theorem 2.1 and its 
proof, we have the following natural way to prove the strong Feller property once we 
have the Cfo-Feller property. 

Corollary 2.2. Let {Tf}f>o be a suh-Markovian semigroup which has the Cb-Feller 
property. If for every t > 0, the kernel Pt{x, ■) representing Tt has a density with 
respect to some positive Radon measure fi, i.e. 

Ptix,dy) = pt{x,y)n{dy), 

and if, moreover, the density function pt{x,y) is locally bounded on x R*^, then 
{Tt}t>o has the strong Feller property. 



To prove Theorem 2.1, we first derive some properties of semigroups enjoying the 
strong Feller property which are also interesting for themselves. 

Proposition 2.3. Let {Tf}f>o be a sub-Markovian semigroup with the strong Feller 
property. Then, for every t > 0, there exists a probability measure fit such that Tt is 
well defined on L°°{fit) and Tt : L°°{fit) CilV^) is a compact operator. Consequently, 
for all compact sets K C E'^, 

lim sup sup \Ttu{x) — Ttu{y)\ = 0. 

■5^0 \x-y\<S,x,yeK ||«||z,oo{^^)<l 

Proof. For every t > denote by Pt{x, •) the kernel representing Tt. Choose a continuous 
function w > on R*^ such that J w{x) dx = 1. For every t > define 

^ ^ ^ _ / w{x)Pt{x, ■) dx 



f w{x)Pt{x,R'^)dx' 

If G M{'R'^) satisfies that yUt(A^) = 0, then we have Pt{x, N) = for Lebesgue a.e. x. 
Since by the strong Feller property the function x ^ TtlN{x) = Pt{x, N) is continuous, 
we find that Pt{x,N) = for all x G R'^. This means that Pt{x,-) is absolutely 
continuous with respect to fit and has a Radon-Nikodym density Pt{x, y). Now, for any 
u G set iV = {x G R^ : |n(a;)| > \\u\\l^(^^^)] G ^(R^). Then, /ii(iV) = 0. Set 

n := n ■ Iatc and note that u is bounded and Borel measurable. Naturally, we define 

Ttu{x) := j u{y)Pt{x,dy) = j u{y)pt{x,y) fit{dy) for u G L'^{nt). 

Clearly, It holds that Ttu{x) = Ttu{x) for every x G R'^. That is, Tt is well defined on 
L°°{nt) and Tt{L°° (nt)) C Cb(R^), due to the strong Feller property. 

To prove our second assertion, it is sufficient to show that the image of the unit ball 
U := {n G L°°[jit) : ||^||L°o(;ii) < 1} under Tt is sequentially compact in C{W^) with 
local uniform topology. Since C(R'^) is a metric space, this implies compactness. 

Noticing that L°°{fit) = , the Banach-Alaoglu theorem tells us that U is 

weak-*, i.e. a{L°°{fit), L^{fit)), compact. This entails that every sequence {-UjjjgM C U 
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has a weak-* convergent subsequence {uj(^k)}ke¥i and, for a suitable u G L°°{fit), the 
hmit 

Jim y Uj^k){y)<P{y) l^t{dy) = j u{y)(j){y) fit{dy) for every (j) E L^fit) 
exists. Therefore, the sequence 

TtUj(k)ix) = j Uj(^k){y) Pt{x,dy) = j Uj(^k){y)pt{x,y) Ht{dx) 
converges pointwise for every x G R"'. Moreover, for /c, /, m G IN with k,l > m, 

\T2tUjik) - T2tUj(i)\ < Tt\TtUj(^k) - TtUj(^i)\ < Tt[ sup \TtUj(^k) - TtUj^i)\). 

Note that '■= sup;.;>^ \TtUj(^f,^ — TtUj(^i)\ decreases to as m — )■ 00, and so does the 
sequence {Tthm)meK, thanks to the dominated convergence theorem. By the strong 
Feller property, the functions {Tthm)m<m are continuous, and Dini's theorem shows 
locally uniform convergence. This means that {TtUj{^k)}k&i is a Cauchy sequence in 
C(R'^) under locally uniform convergence, and so the limit TtU = limfc_i.oo defines 
a continuous function. The proof is complete. □ 

Since Bhili'^) C L°°{fit), the following conclusion is an immediate consequence of 
Proposition 2.3. 

Corollary 2.4. Let {Tt}t>o be a strong Feller semigroup. Then Tt : ^^(R'^) C(R'^) 
is for every t > a compact operator. In particular, for all compact sets K C R"^, 

(2.1) lim sup sup \Ttu{x) — Ttu{ii)\ = Q . 

\x~y\<5, x,y&K ||ii||oo<l 

According to [17, Corollary 1.3], we know that if {Tt\t>Q is a sub-Markovian semi- 
group with the strong Feller property, all operators Tt : i?6(R'^) — )■ C(R'^) are bounded. 
The main point of Corollary 2.4 is to show that the strong Feller continuity guarantees 
that the bounded operator Tt are actually compact. A close inspection of the proof of 
Proposition 2.3 reveals that the image of the unit ball of L°°{^t) is just that of i?b(R'^) 
under the operator Tj, which is a compact subset of C(R'^). The following example 
shows that this property is not fulfilled if we only assume the Cfo-Feller property of the 
semigroup. 

Example 2.5. Consider the shift semigroup, 

Tt : 5b(R'^) ^ 5fe(R'^), Ttu{x):=u{x-t), x G R^ t > 0. 

Obviously, {tj}j>o enjoys the Cfc-Feller property but it does not have the strong Feller 
property. The functions 

Uj{x) := sin(jx), j G IN, 



are clearly continuous and uniformly bounded. Using the L^((ix)-orthonormality of this 
family, we see 

\uj{x) — Uk{x)\^ dx = I + = 2, 
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which means that {MjjjgjN does not converge in L'^{dx) and cannot have any pointwise 
convergent subsequence. 

Since the shifted sequence {uj{- — t)}je]N inherits this property, we obtain that 
Tt{{uj}j(z^) is not even weakly compact in C(R'^). (Under the locally compact topology 
on C{M!^), the weak convergence is just pointwise convergence.) 

The next proposition is essentially taken from [5, Proposition 2.10]. For the sake of 
completeness, we include its proof. 

Proposition 2.6. Let {Tt}t>o be a sub-Markovian semigroup with the strong Feller 
property and such that for every u G C^(R°'), TtU converges locally uniformly to u as t 
tends zero. Then the map [s, x, u) i— )■ TgU^x) is jointly continuous for all s > 0, x & M!^ 
andue Bb{R'^). 

Proof. First we claim that for any compact set K CM!^ and every e > and g G Cb{M!^), 
there is some 6 := S{K, g,e) > such that 

(2.2) sup\\{Ttg-g)lK\\oo<e. 

Indeed, choose a cut-off function x ^ C^{M!^) with 1^ < X ^ 1- Without loss of 
generality, we may assume that < g < 1. Because of the continuity of at t = on 
C^(R'^), there is some S > such that 

[gX-Tt{gx)]^K<e, [{1 - g)x - Tt{{l - g)x)]tK < e for all t < 5. 

So, 

[g - e)lK = {gx - e)tK < tRTtigx) < ^xTtg 

and 

iKTtg = lK[Ttl - Tt{l - g)] < lK[Ttl - ^{{1 - g)x)] 

< iKim - (1 - g)x + e]< 1k[9 + s]. 

This proves (2.2). 

Let u G B[,{W'') with 0<n<l,t>0 and e > 0. Given a compact set K C R'^, 
choose X ^ C^(R'^) such that < X < 1. By (2.2), there exists some < 6i < t such 
that for every < s < 6i, 

\\lKTs{l-x)\\oo<e. 

Let to = t — 6i and g = Tt^u. Then g G Cb(R'^) and using (2.2) once again, we find 
some < (5 < 5i such that for every < s < 5, 

\\tsnpp{x){Tsg - fi')||oo < 

Consider now t s <i t -\- 5 . Since 1 ^ 1 — X~^ -lsupp(x) cind \Tg^ig — S'l ^ t5'||oo ~l~ 
llfi'lloo < 2, we have, on K., 

\TsU - Ttu\ = \Tt^toiTs^tg - g)\ 

< 2T<„<,(1 - x) + Tt-t,{'^supp{x)\Ts-t9 - 9\) 
<2e + Tt-toS 

< 3e. 
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Similarly, if t — 6 < s < t, then 

\TsU - Ttu\ = \Tt^toi9 - Ts^tg) \ < 3e on K. 

Thus, TgU converges to TtU uniformly on K as s tends to t. 

According to (2.1), for fixed s > 0, Tsu{y) converges to Tsu{x) uniformly in x,y & K 
and Halloo < 1 as y tends to x. The required assertion follows easily from the following 
fact that for any two m, t> G i?fe(R'^), s,t > and x,y ^ K, 

\Tsu{x)-Ttv{y)\ 

(2.3) < |T,n(x) - Tsu{y) \ + |T,n(y) - Ttu{y) \ + \Ttu{y) - Ttv{y) \ 

< \Tsu{x) - Tsu{y) \ + \Tsu{y) - Ttu{y) \ + \\u - v\\oo- □ 

Let {Tt}t>o be a sub-Markovian semigroup with the Cf,-Feller property and such that 
TtU converges locally uniformly to m as t tends zero for every u G C^{M!^). Then, by 
(2.3) and the fact that C^(M!^) is dense in Coo(ltl'^), one could conclude that the map 
{s,x,u) H-> Tsu{x) is jointly continuous for all s > 0, x G R*^ and u G (^^(R'^), see e.g. 
[10, Section 2.2; Theorem 1]. Therefore, the argument above shows that, if {Tt}t>o has 
the strong Feller property, then TtU converges locally uniformly to n as t tends zero for 
every u G Cft(R'^). Combining Propositions 2.3 and 2.6, we obtain 

Corollary 2.7. Let {Tt}t>o be a sub-Markovian semigroup with the strong Feller prop- 
erty and such that for every u G C^(R'^), TtU converges locally uniformly to u as t 
tends zero. Then there exists a probability measure fi such that for every t > 0, Tt is 
well defined on L°^{^) and Tt : L°°{fJ') — )■ C{M!^) is a compact operator. 

Proof. Pick a continuous function w > on R'^ such that J w{x) dx = 1. Define 

Io° I '^{^)Pt{x, ■) dx 
" e~Ht j w{x)Pt{x,W') dx 

If G e^^(R'^) satisfies /i(iV) = 0, then we have Pt{x,N) = for Lebesgue a.e. x and 
t. Since by Proposition 2.6 the function {t,x) i— >• Pt{x,N) is continuous, we find that 
Pt{x, N) = for alH > and x G R'^. This means that Pt{x, ■) is absolutely continuous 
with respect to fi. Then, the desired assertion follows from the argument of Proposition 
2.3. □ 



We can now turn to the proof of Theorem 2.1. 

Proof of Theorem 2.1. (b) =^ (a) Let u G Bh(R'^) and let Xk ^ C^(R''-) be a sequence 
of cut-off functions with 1_Bj.(o) ^ Xk ^ ^, k E f^. By the monotone convergence 
theorem, sup^.gj>} ^iXfc = Ttl. Since {Tt}t>o has the C^-Feller property, TtXk and T^l 
are continuous. Dini's theorem shows that this convergence is locally uniform. In 
particular, for every compact set L C R'^ and every e > there exists an index A;o G IN 
such that for x = Xfco 

(2.4) ||lLTi(l-x)||oo<7 



u 
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Next, we suppose that supp(x) C -Bfci(O) for some ki G IN. The function ux is 
also bounded and has compact support, thus ux G L^{fit)- Since C^(R'^) C L^ifJ't) 
is dense, we can choose a sequence {MjjjgiN C C^(R'^) such that uj converges to ux 
almost everywhere with respect to fit- Without loss of generality we may assume that 
supjgiN \\uj\\oo < ||tt||oo + l and IJ^.^j^ supp(nj) C i?fc,+i(0). That is, ux and {uj)j^^f^ can 
be temporarily seen as functions only defined on i?fc^+i(0). Since /i((i?fc^_|.i(0)) < oo, 
Egorov's theorem applies and for any 6 > 0, there exists some Borel set = N{6) C 
i?fc^+i(0) such that /it(A^) < 6 and {wjjjgiN converges to ux uniformly on Bk^^i{0) \ N. 
Therefore, {wjjjeiN converges to ux uniformly on A^'^, since {wj-jjeM and ux are zero on 

For any j > 1 and z ^ L, 



(2.5) 



\Tt{ux)iz) - TtUj{z)\ 



< 



{ux){y)Pt{z,dy) 



Arc 



Uj{y)Pt{z,dy) 



Arc 



+ 



{ux){y)Pt{z,dy) 



N 



+ 



N 



Uj{y)Pt{z,dy) 



< sup \{ux){y) - uj{y)\ sup Ptiz,N') + (2||n| 



< sup - Uj{y)\ + {2\\u\ 



1) supPt(z,A^) 



l)snp Pt{z,N). 



Letting j oo and then 6^0, the locally uniform absolute continuity of Pt{x, ■) with 
respect to fit yields that 



\tL{Tt{ux) - TtUj)\\^ -^0 as j oo. 



The continuity of the function TtU easily follows from the arguments above. Indeed, 
for any x G R'^ and 5, 77 > 0, take a compact set L such that B{x, rj) C L. Choose x as 
above and jo = joi^) so large that 



sup \Tt{ux){y) - TtUj^{y)\ < -. 

y£B{x,ri) D 



On the other hand, since G C^(R'^), we have TtW^Q G C(R'^). Thus, there exists a 
constant 770 = ?7o(x) G (O,?]) such that 



sup \TtUj^{y) - TtUj^{x)\ < -. 

y€B{x,rio) 
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Therefore, for every y G B[x, rjo), we can use (2.4) to see 
\Ttu{x) - Ttu{y)\ 

< \TtiuxKx) - TtiuxKy)\ + miuil - x)Kx)\ + |ri(M(i - x)){y)\ 

< \Tt{ux)ix) - Tt{ux)iy)\ + 2||n|U||lLTi(l - x)||oo 

< \Ttiux)ix)-Ttiux)iy)\ + ^ 

< \Tt{ux){x) - TtUj,,{x)\ + \TtUj,{y) - TtUj^Xx)\ + \Tt{ux){y) - TtUj,,{y)\ + | 
e e e e 

^6 + 6 + 6 + 2=^' 
which proves (a). 

(a) =^ (c) According to Proposition 2.3, for every t > 0, there exists a probabihty 
measure fit such that Tt : L°°{fit) — )■ C(R'*) is well defined. In particular, for any 
A G ^(BJ^) with /if (A) = 0, Tflyi = 0, since 1^ is in the same equivalent class of the 
zero vector in the space L°°{fit)- 

Let L C R*^ be a compact set and n > 1. By the very definition of the supremum, 
for every n G IN there exists a set A„ G =^(R'^) with < 2~" such that 

sup sup Pt{x, A) < sup Pt{x, An) + l/n. 

Ae.^(R<*),Att(yl)<2-" xeL xeL 

Set An := IJfc>n^fc- Then the sequence A^ is decreasing, A = f]^^-^ A^, fitiAi) < 
2"""''^, fit{A) = and 1^^ — )■ 1^. Since T^l^^ is continuous and since Tfl^^ decreases 
to Tfl^ = as n — )■ oo, Dini's theorem applies and shows that 

sup Pt{x, An) < sup Pt{x, An) = sup Tfl^ (x) — )■ as n — )■ oo. 

xSL x£L x£L 

This proves (c). 

(c) ^ (6) and (d) =^ (c) This is clear. 

Assume now that, in addition, Tff f , f E Cc(R'^), locally uniformly as t — )■ 0. 

(a) ^ [d) This follows form Corollary 2.7 and the proof of (a) ^ (c). □ 

Proof of Corollary 2.2. The proof of (6) ^ (a) of Theorem 2.1 uses locally uniform 
absolute continuity of (-Pf(x, ■))^g]a<i only for (2.5). Note that the set here is a 
bounded set and that we can assume that N G K for some compact set K C R"^. Fix 
some compact set L and pick any x G L. Under the conditions of Corollary 2.2 we get 

sup Pt{z,N)= / pt{z,y)fi{dy) 

Z&L J N 

< I Pt{x,y)fi{dy) + sup \pt{z,y) - pt{z,y)\fi{dy) 

< Pt{x, N) + 2 i2{N) sup pt{z,y). 

{z,y)eLxK 

This inequality and the argument of the step (6) =^ (a) in the proof of Theorem 2.1 
prove the strong Feller property of {Tt}t>o- D 
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2.2. Criterion II: Local Orlicz-ultracontractivity. Let us recall some facts about 
Orlicz space from [21]. A function $ : IR — [0, oo] is a Young function if it is convex, 
even, and satisfies $(0) = and lima;_5.oo ^{x) = oo. Given a Young function and a 
Radon measure yU on R*^, we define the Orlicz space as 

L*(yu) ~ |/ ■ IR-'' ~^ IR- measurable and J $(«/) dfi < oo for some a > j> . 

The set L*(/i) is a linear space. If <I>(x) = \x\^, p > 1, then ]L*(/i) coincides with 
the usual Lebesgue space 1Lp(/x). There exist two equivalent norms turn L*(/i) into a 
Banach space, the Luxemburg norm 

||/||($) = inf|A>0 : J $(//A)d^<l 

and the Orlicz norm 



supjy \fg\dfi : j <S>c{g)dfi<l 



where $c is the Legendre transform of $, i.e. 

My) 

For any Young function $, we have 



^c{y) ■= sup {x\y\ - ^{x)). 

x>0 



(*) < Wfh < 2 ii; ||($). 
On the other hand, the following extension of Holder's inequality holds 

j \fg\dfi<2\\f\\^^)\\g\\^^^) for all / G L*(/i) and geL^^ifi). 

We can now characterize the strong Feller property in terms of local Orlicz-ultracontractivity.| 

Theorem 2.8. Let {Tt}t>o be a sub-Markovian semigroup with the Cb- Feller property. 
If for every t > 0, there exist a Radon measure fit and some Young function $i : R — >■ 
R"*" with $t(x) = iff X = 0, such that for all compact sets C R'^ and u E C^(R'^) 

(2.6) \\tKTtu\\^<C{K,t)\\uU„ 

then {Tf}f>o is a strong Feller semigroup. 

Conversely, let {Tt}t>o be a sub-Markovian semigroup with the strong Feller property . 
Then, for every t > 0, there exist a probability measure Ht and a Young function 
$t : R — ^ R"*" with limx^oo ^t{x) / X = oo such that for all compact sets K G K'^ 
and all u G C~(R'^) 

(2.7) \\\KTtu\\j^^(^^,-)<C{K,t)\\u\W 

If, in addition, one of the following conditions applies, (2.6) holds for all compact sets 
K CR"^ and all u G C^{R'^) 

(1) {Tt}t>o is weakly irreducible, i.e. for each t > and every non-empty open set 
A C R'', there exists some a: G R*^ such that Pt{x, A) > 0. 

(2) For every f G C^(R'^), Ttf converges locally uniformly to f as t tends zero. 
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Note that irreducibility usually means that for all t > 0, all open sets A G ^(R'^) 
and all x E M!^ the transition probability Pt{x, A) > 0. This is stronger than our notion 
of weak irreducibility from Theorem 2.8. Theorem 2.8 extends [14, Theorem 8.9] where 
the following condition has been used: 

||TtM||oo < q||u||2 for t>0 and u G C~(R'^). 

We begin with some properties of Orlicz spaces, which will are used in the proof of 
Theorem 2.8. 

Lemma 2.9. Let (lL*(/i), || ■ ||$) be an Orlicz space associated with a Radon measure fi 
and some Young function $ : R, — ?■ R'^ with =0 if and only if x = 0. Then we 
have 

(1) Every bounded measurable function with compact support belongs to the space 
(L*(/i), II ■ 11$). For any A G ^(R"') with ^{A) < oo, 1^ G lL*(/i) and 

||1^||($) = ($(l//i(^)))"'; 

(2) // (/n)neiN C lL*(/i) is a sequence which converges to f in (L*(/i), || ■ ||<j,), then 
fn converges in measure (w.r.t. fi) to f . In particular, there exists a sequence 
{fn{j)}j£K such that fn(j) converges to f almost surely w.r.t. fi; 

(3) C^°°(R^) C L*(/i) and C^{R'^) is dense m (lL*(/i), || -11$). 

Proof. Statements (1) and (2) are a consequence of [2, Chapter 1, Theorem 1.7; Chapter 
4, Theorem 4.7]. We only need prove assertion (3). Let / G C^(R'^) and set K = 
supp(/). Then, 

/ $(/) d^i= [ $(/) dfi < fi{K) sup ^f{x)) < oo, 
J Jk xeK 

which means that / G lL*(/i). 

For any / G lL*(/i), define /„ = [(/ A n) V (— ?^)] l{|/|<n} for n > 1. Since /„ is a 
bounded function with compact support, /„ G L*(/i). By the strong Fatou property of 
the function norm || ■ ||(<j,), see [21, Section 3.3; Page 57], we get that ||/n||($) t II /111*) 
as n — oo. 

On the other hand, for every n > 1 there exists a sequence of functions {/n,/t}fceiN C 
C^(R'^) such that fn,k converges almost surely to /„, with respect to yU. Without 
loss of generality we may assume that IJ^li supp(/„,^fc) C [—{n + l),n + 1] as well as 
sup^>o ||/n,fc||oo < n + 1. Egorov's theorem tells us that for every 6 > 0, there is a set 

C [—{n + l),n + 1] such that fi{N) < 6 and fn,k converges to /„ uniformly on A^'^. 
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Using again the fact that $ is increasing, we find for all A > 

I / fn,k fn\ J 



[-(n+l),n+l] 



N \ ^ J J[-{n+l),n+l\\N \ ^ 

< fi{N) sup $ - ) + / $ sup u_^J^^_^^_^_^ 



0<x<2(n+l) ^'^^^ J[-{n+l),n+l]\N \xe[-(n+l),n+l]\N ^ 

MAT) $ ( + M[-(r. + 1), n + 1])$ f sup "^"''^^"^ " 



Letting first A; — ?■ oo and then 5—7-0, we get 
which yields that 

||/n,fc - /n||(<i.) as k ^ OO. 
This proves (3). □ 

The following statement is an extension of the Minkowski inequality in Orlicz space. 

Lemma 2.10. Let fi be a probability measure on R"^, and f G Bf,(Ii^'^) with / > 0. 
Then, 



{21 



< / \\f{■.y)h^^{dy). 



Proof. Since /i is a probability measure, Bi,{R'^) C lL*(;u), so that both sides of the 
inequality (2.8) are well defined for all / G Bh{E?'^). For any > with /i($c((7)) < 1, 

g{x)fi{dx) / f{x,y) fx{dy) = / / g{x)f{x,y)fx{dx) 



< I fi{dy) sup / g{x)f\x,y) n{dx) 

9>0, /-I'c(9)rfAt<l 



which yields the required assertion by taking supremum with respect to g on the left 
hand side of the inequality above. □ 



We can now prove Theorem 2.8. 
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Proof of Theorem 2.8. (1) Let Xk G C^(R"') be a sequence of cut-off functions with 
iBfe(o) < Xa: ^ I5 ^ £ ^N. By the monotone convergence theorem, sup^gj^TjXfc = Ttl. 
Since {Tt\t>o has the Cfe-Feller property, TtXk and Ttl are continuous. Dini's theorem 
shows that the hmit TtXk Ttl is locally uniform. In particular, for every compact set 
L C R"^ and every e > 0, there exists a compact set K C R*^, K = Ki^^^t such that for 
X e C^{R'^) with l/f < X < 1, 

(2.9) ||1lT,(1-x)I|oo<|. 

Let u G i?b(R'^)nL**(/it). Since C^(R'^) is dense in L**(/ij), we can choose a sequence 
{wjlj-giN C C^(R'^) such that limj_!.oo \\uj — = 0. By condition (2.6), 

\\{TtUj - TtUk)tK\\oo < C{K,t)\\uj - Uk\\^,. 

This shows that {TjMjjjgK is a Cauchy sequence in C(R'^) under the locally uniform 
convergence whose limit limj_^.oo TtUj = TtU is again a continuous function. 

Thus, (2.6) holds for u G ^^(R'^) n L**(/it). Taking u = In with /ij(A^) = 0, we 
see that for Lebesgue almost every x the kernel Pf(x, ■) is absolutely continuous with 
respect to /ij, i.e. 

By Lemma 2.9 (2), we can pick a subsequence {Mj(fc)}fceM which converges /i^-almost ev- 
erywhere to M. Then, the dominated convergence theorem shows that limfc_!.oo ^i%(fc) = 
TtU almost everywhere and, by the continuity of the functions involved, even ev- 
erywhere. This means that just constructed extension is unique and coincides with 
the usual extension of {Tt\t>o using the kernels P((x, ■); in particular, Tt : ^^(R'^) fl 
L*'(/ii)^C(R'^). 

If u G i?6(R'^), we fix e > and a compact set L C R'^, and choose x as above. Then, 
for x,y E L, we get using (2.9), 

\Ttu{x) - Ttu{y)\ 

< \Tt{ux){x) - Tt{ux){y)\ + \Tt{u{l - x)){x)\ + \Tt{u{l - x)){y)\ 

< \Tt{ux){x) - Tt{ux){y)\ + 2||n||oo||lLTi(l - x)||oo 

< \Ttiux)ix) - Tt{ux)iy)\ + e \\u\\^. 

Since ux G 5fe(R'^) n lL**(/if), we have Tt{ux) G C(R'^), therefore TtU G Cb{R'^). This 
establishes the strong Feller property. 

(2) Conversely, assume that {Tt}t>o enjoys the strong Feller property. By Theorem 
2.1 (c), for every t > there exists a probability measure fit such that the family 
of measures [Pt{x , dy)) ^^^d is locally uniformly absolutely continuous with respect to 
fif Therefore, for any compact set K, the family of density functions {pt{x,-))x£K is 
uniformly integrable with respect to fit, see e.g. [24, Theorem 16.8]. Consequently, 
there exists an even, increasing and convex function $t : R — )■ R"*" with $t(0) = and 
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cxD as X oo and such that 

sup / ^t{pt{x,y))^t{dy) < oo. 

xeK J 

Let u G C^(R'^) with u > 0. Denote by {■, ■) L2(fj,t) the inner product in the space 
L'^{fit)- By the Holder inequahty 

||lx^tM||L°°(/xt) = sup {lKTtU,g)L2{^t) 
ll9llti(Mt)=l 

= sup {u,T^*{lKg))L2i^,,) 

Il5lll,i(^t)=l 

< 2 sup \\Tt*{lKg)\\ {.}>,), 

II9|Il1(m,)=1 

where ^t,c is the Legendre transform of $j, and is the (formal) dual of Tt, i.e. 
7^;^?(y) = j g{x)pt{x,y) ^t{dx) for G ^^(R'^) and > 0. 



Because of (2.8) 



sup ||T;(li^^)||($,) = sup 



II9|Il1(«)=1 



II5|Il1(«)=1 



< sup 

II9|Il1(„)=1 



lK(a;)5'(a;)pt(a;, ■)Ait(cia;) 



< sup / lK{,x)g{x)\\pt{x,-)\\<i,,iit{,dx) 

119|Il1(«)=1 

= sup \\pt{xr)Uf 

x&K 



Therefore, 



||lA'Ttn||ioo(^^) < 2 sup ||pt(x, ■)\\^, < 4 sup ||pt(x, ■) 11** Iklkt.c- 

x€K xeK 

(3) Let us show that under the conditions (1) or (2) the inequality (2.6) follows from 
(2.7). 

Assume first that {Tt}t>o has the strong Feller property and is weakly irreducible 
in the sense of (1) of the statement of Theorem 2.8. From the proof of Theorem 2.1, 
(c) =^ (a), we know that the measure fit is of the form 

/ w{x)Pt{x, ■)dx 



J w{x)Pt{x,R'')dx 
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for some continuous function w > with J w{x) dx = 1. We will prove that 



It is clear that 



\tKTtu\\L^{^,) = \\tKTtu\\L-^{dx) = snpTtu{x). 

x&K 
xeK 

Suppose that there exists a Borel set with fit{N) = such that 

||li<'^tM||L°°(Mt) = sup Ttu{x) < sup Ttu{x). 

xeK\N xeK 

Since TtU is a continuous function, there is some Xq & K such that Ttu{xo) = sup^-g^ Ttu{x).^ 
We conclude that there exists some 6 > such that B{xo, 6) C A^; otherwise, for every 
?7 > 0, B{xo,ri) n {K \ A^) 7^ 0, and we could choose a sequence {Xn}nem C K \ N 
with Xn — )■ Xq. Then, however, sup^^j^\j^Ttu{x) > sup^Ttu{Xn) = u{xo). Therefore, 
II 1 A' II L°°(/ii) = sup^gj^ T(m(x) which is a contradiction. Thus, fit{B{xQ,S)) = 0. Thus, 

w{x)Pt{x, B{xo, 6)) dx = 0. 

Due to the weak irreducibility and the strong Feller property of {Tt}t>o, we obtain 
fit{B{xQ,6)) > 0, which is impossible. This proves our claim. Using (2.7) we easily 
deduce (2.6). 

Assume now that {Tt}t>o has the strong Feller property and that for every u G 
C^(M!^), TtU converges locally uniformly to m as t — t- 0. From the proof of (2.7) and 
the proof of Theorem 2.1, (a) =^ (d), we know that for every t > 0, there is some Young 
function $t : R, i— R"*" with lima;_5.oo -^^^ = 00 such that for all compact sets K C 
and u G C~(R'^), 

IIIxT^mIIl-m < C(A',t) ||m|U„ 
where for some continuous w > satisfying J w{x) dx = 1 

e~^dt J w{x)Pt{x, ■)dx 
^^'^ j;^ e-'dt J w{x)Pt{x,R'')dx 

We claim that 

\\tKTtu\\L^(^^,) = \\lKTtu\\L^(^dx) = SUpTt/(x). 

xeK 

As before, the inequality '<' is trivial. On the other hand, assume that there exists a 
Borel set with yu(A^) = such that 

\\'^KTtf\\L°°{^,)= sup Ttf{x)<snpTtf{x). 

xeK\N xeK 

With a similar argument as above we get that there exist Xq G R'^ and 6 > such that 
n{B{xo,6)) = 0. Choose h G C^(R'^) such that 1b{xo,s/2) <h< tB{xu,s)- Obviously, 
J hdfj, = 0. Therefore, 



^ e-^dt J f{x)Tth{x)dx = 0. 
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Since Tth converges locally uniformly to /i as t — 0, there is some to > such that for 
all s < to, 

sup \Tsh{x) - h{x)\ < 1/2. 

xeB{xo,S/2) 

As h{x) = 1 for all x G B{xo,S/2), Tsh{x) > 1/2 for all x G B{xo,S/2) and s < to, 
which implies that J hdf^i > 0. This is a contradiction and our claim is established. 
Now (2.6) follows easily from (2.7). □ 

3. Feller semigroups and progesses 

A Feller semigroup is a sub-Markovian semigroup which has the Feller property and 
which is on Coo{M!^) strongly continuous: limt_).o \\Ttf — /||oo = for all / G Coo{R'^)- A 
(d- dimensional) Feller process is a Markov process {Xt}t>o with state space R"^ where 
the associated semigroup {Tt}t>o is a Feller semigroup. Feller processes always have 
cadlag, i.e. right- continuous with finite left-hand limits, versions and it is a routine 
argument that the Feller (or Cf,-Feller) property of the semigroup together with the 
Markov property entail the strong Markov property of the process. As usual, 

Ttu{x) = E'^iuiXt)), u G C^iW^), t > 0, X G 

and the infinitesimal generator {A, D{A)) (of the semigroup or the process) is given by 
the strong limit 

Au = lim — ^— 

t^o t 

on the set D{A) C Coo{R'^) of those u G Coo{R'^) where this limit exists in norm sense. 
We will call the generator of a Feller semigroup (or Feller process) a Feller generator. 

Under the assumption that the test functions C^(R'^) are contained in D{A) [9], 
see also [16] and [15], proved that the generator A restricted to C^(R'^) is a pseudo- 
differential operator 

(3.10) Au{x) = -p{x,D)u{x) ■= - I e'''-^p{x,i)u{i)di, 

where n(0 = (27r)-'^/ e-"« u{x) dx denotes the Fourier transform. The symbol of the 
operator, p : R"^ x R'' — )■ C appearing in (3.10), is locally bounded and has the Levy- 
Khinchine representation 

(3.11) p{x, = \i- - H^) + [ (1 - e^"^ + ■ e l{|.|<i}) J^ix, dz), 

where for each x E BJ^ the triplet {a{x),b{x),i'{x,dz)) is the Levy characteristics, i.e. 
a{x) := {aij{x))dxd is a nonnegative definite matrix-valued function, b{x) := {bi{x)) is 
a measurable function, and z/(a;, dz) is a nonnegative, a-finite kernel on R^ \ {0} such 
that J^^q{1 a \z\'^)h'{x,dz) < +oo for every x G R'^. 

As in Sections 1 and 2 we denote by Pt{x, dy) = ¥^{Xt G dy) the transition function 
of the process Xf, so that 

Ttu{x) = / u{y)Pt{x,dy) 

7Rd 
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for all bounded and measurable functions u : R — R. 

3.1. Feller generators with bounded coefficients. Since ^ H- p{x,^) has a Levy- 
Khinchine representation, it is not hard to see that 

\p{x,0\ < H^) ■ (1 + for all e R'^. 

In fact, h{x) can be chosen to be 2 sup|^|<]^ IpI^^jOI' ^f. [23] or [6]. If h is bounded, we 
say that the operator p{x, D) has bounded coefficients in the sense that h is bounded if 
and only if 

=up ma. + =up ^ax + sup / (1 A i.) < oo. 

x£U.d. j,k ^gj^d j ^,gj^d J^^Q 

see [23]. 

If C^(R'^) C D{A) and if h is bounded, it is known that the continuity of x H- p{x, 0) 
entails that {Tt)t>Q is a C?,- Feller semigroup, cf. [22, Theorem 4.3]. Thus, as a direct 
consequence of Theorems 2.1 and 2.8, we have 

Theorem 3.1. Let {Tt}t>o be a Feller semigroup with generator {A,D{A)) such that 
C^{R'^) C D{A). Suppose that sup^g^d \p{x,})\ < c(l + l^p) for every ^eR"^ and that 
the function x t— )■ p{x, 0) is continuous. The semigroup {Tt)t>o has the strong Feller 
property if one of the following conditions is satisfied: 

(1) For every t > 0, the family of measures {Pt{x,dy))^^^d is locally uniformly 
absolutely continuous with respect to Lebesgue measure, i.e. for any compact set 
K CR'^ 

lim sup sup Pt{z, A) = 0. 

Ae,^(R''),Leb(A)<£ z(^K 

(2) For every t > 0, there exists some Young function $t : R — )■ R"*" such that 

= if and only if x = and such that for all compact sets K G R"^ and 
allue C^{R'^), 

\\lKTtu\\^<CiK,t)\\uU^, 
where \\ ■ denotes the norm of Orlicz space lL**(Leb); 

If the Feller generator —p{x, D) does not depend on x, i.e. if we have constant co- 
efficients, the corresponding Feller processes are exactly the Levy processes — that is 
stochastic processes with independent and stationary increments — and the associated 
semigroups {Tt}t>o are semigroups of convolution operators given by 

Ttu{x)= / u{x + y)fitidy). 

Note that fit{- - x) = Pt{x, ■) = F^'iXt G ■) = ^°{^t + x e ■) and that {fit}t>o is a 
convolution semigroup of sub-probability measures on R'^. 

Hawkes, [13, Theorem 2.2], proved that the semigroup corresponding to a Levy pro- 
cess has the strong Feller property if and only if for each t > and x G R"^ the transition 
function Pt{x, •) = /if(- — x) is absolutely continuous with respect to Lebesgue measure. 
Therefore, for every t > and x G R*^, see e.g. [8, Lemma 2.1], 

lim sup Pt{x, A) = lim sup — x) = 0. 
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Since Lebesgue measure is invariant under translations, we conclude that Levy processes 
have the strong Feller property if and only if for each t > 0, 

lim sup sup Pt{x,A) = lim sup /^t(^) = 0, 

which indicates that Theorem 3.1 is sharp for Levy processes. Based on this observation 
and the proof of Theorem 2.8, we obtain a new characterization of the strong Feller 
property of a Levy process. 

Corollary 3.2. Let {Xt}t>o be a Levy process on M!^. Then the following two statements 
are equivalent: 

(1) The process {Xt}t>o has the strong Feller property; 

(2) For every t > 0, there exists some Young function $t : R — such that 

= if and only if x = and such that for all u G C^(R'^), 

\\TM\oo<C{t)\\uU,, 

where \\ ■ denotes the norm of Orlicz space lL**(Leb). 

Let us finally apply Corollary 2.2 to stable-like processes. Loosely speaking, a stable- 
like process on R^ is a Feller process, whose generator has the same form as that of a 
rotationally symmetric stable Levy motion, but the index of stability depends on the 
position, e.g. see [1]. The associated generator is given by 

= (^u{x + - u{x) - (Vn(x), ^)l{|.|<i}) di, u E CHr"), 

where < a{x) < 2, and Ca{x) is a constant defined through the Levy-Khintchine 
formula 

dz 



I.e. 



V \S) / / \ \d+a(x) ' 

R''\{o} ^ y \z\ ^ J 

= a(x)2"(")-^r((a(x) + d)/2) / (tt'^/^T{1 - a{x)/2) 



see [3, Exercise 18.23, Page 184]. In other words, the operator L^°'^ can be regarded 
as a pseudo-differential operator of variable order with symbol l^l"*-"^-*, i.e. L^"^ = 

Theorem 3.3. Assume that a G C~(R'^) such that < a = inf a < sup a = a < 2. 

Then, there exists a unique Markov semigroup {Pt}t>o associated with the symbol \^\°'^^\ 
such that {Pt}t>o is strong Feller. 

Proof. According to [1, Corollary 2.3], there exists a unique strong Markov process 
{Xt, P^') for which solves the martingale problem for L^"^ at each point x G R"'. For 
any t > 0, X G R'^ and / G ^^(R^), we define 

PJ{x) = W{f{X,)). 

By [1, Propositions 6.1 and 6.2], we know that {Pt}t>o is a Markov semigroup and has 
the C;,(R'^)-Feller property. 
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Let Pt{x,dy) be the kernel representing Pt, i.e. Pt{x,A) = PtlA{x) for all t > 0, 
X E M!^ and A e ^(R"^). [19, Theorem 1.7] furthermore shows that for any t > 
and X G R'^, Pt{x, dy) has a density with respect to Lebesgue measure. Denote this 
density by pt{x,y). Note that x t— ?■ Ca{x] is a positive function of C^{M!^). Then, as 
a consequence of [18, Theorem 5.1 and its Corollary, Pages 759-760], we get that for 
every t > 0, Pt{x, y) is locally bounded on R'^ x R'^. 

With all the conclusions above, the required assertion immediately follows from Corol- 
lary 2.2. □ 

3.2. Regularity of Feller processes with the strong Feller property. Unless 
otherwise indicated, {Xt}t>o is a d-dimensional Feller process with generator {A, D{A)) 
such that C^{M!^) C D{A). Then A\c!oo(^-^d-^ = — D) is a pseudo-differential operator 
with locally bounded symbol ^) given by (3.11). 

We want to show that the strong Feller property is closely connected with the fact 
that the function x H- E^M(XT-y) is continuous on U, where u G Bb{R'^), U is an open 
set and tu is the first exit time from the set U, i.e. 

Tu = inf{t > : X{t) ^ U}. 

Theorem 3.4. Suppose that {Xt}t>o is a Feller process which has also the strong Feller 
property. Then, for any open set U and all hounded measurable function u, the function 
X H- W^u{Xt-^) is continuous on U . 

Proof. Our approach uses ideas of [11, Volume 11; Section 13.3, Theorem 13.1, page 
30-31] and [4, Lemma 2.2]. We split the proof into three steps. 

Claim 1: for any t > and all hounded measurable functions u, the function x t— 
ft{x) := E^(l{T-y>f}'u(Xj)) is continuous on U. 

Denote by {9t)t>o the family of canonical shifts on the path space. Then we have for 
all s G (0,t) that 

'^{TU>s}Gs{^{TU>t-s}U{Xt-s)) = '^{TU>t}U{Xt). 

By the Markov property we get 

Because of the strong Feller continuity, x Wj^ ft-s{Xs) is continuous. The second 
term is bounded by ||m||oo1P^(t";7 < s). As s J, 0, it converges to zero uniformly on every 
compact subset of U, see Proposition 3.5 below. This proves that the function is 
continuous on U. 

Claim 2: for any t > and all bounded measurable functions u, the function gt{x) : = 
W{ur^/\t) is continuous on U. 

It is enough to show that the function ht{x) := gt{x) — ft{x) = Ei^{liru<t}tJ-{^Tu)) is 
continuous. As in the proof of Claim 1, we get for any s G (0,t), 

'^{ru>s} 0s{'^{Tu<t-s}U{Xru)) = l{s<Tu<t}U{Xr^) . 
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Using the strong Markov property we find 

In view of tlie strong Feller property of the process Xj, the first term on the right, 
X ^ E^/;,j_s(Xs), is continuous. The second term is bounded by 2 ||m||ooP^(t[7 < s); 
letting s — )■ 0, it tends to zero uniformly on each compact subset of U , cf. Proposition 
3.5 below. 

Finally, if -u G i?5(R'^), we define u by 

u{x) = clu{x) + 

where c < inf^^g^/c By Claim 2, the function E^£t(XT-^Ai) is continuous on U for 

every t > 0. Letting t f oo, one has Wu{XT.,jAt) t E'^m(Xt-^). Indeed, if s,t > we see 
by the very definition of the constant c that 

WuiXr^^is+t)) = cF^iW >S + t)+ E''{u{Xr^)l{ru<s+t}) 

= CF^TU >S + t)+ W{uiXr^)l{t<ru<s+t}) + E^ (X.J 

> cF%Tu > S + t)+cFit<Tu<S + t)+ E^(M(X,Jl|,„<i|) 

= E^u{X,^^t)- 

Hence, E^'u(X^) is lower semi continuous. The same argument applied to —u shows that 
— E^m(X.^) is lower semicontinuous. Therefore, the function E^m(X.j^) is continuous. 
This finishes the proof. □ 

The following proposition has been used in the proof of Theorem 3.4 above. 

Proposition 3.5. For any open set U, as s ^ 0, the function F^{tu < s) converges to 
zero uniformly on every compact set D G U. 

Proof. According to [26, Theorem 1.1] — see also (3.12) below — for any x G R'^, r > 
and t > 0, 

^''{rB(x,r) <'t) < Ct sup sup \p{y,0\ 
y: \y-x\<r |C|<l/r 

with an absolute constant c > 0. Set r = dist(D, dU) > 0. Then, 

supP"(rt/ <t)< supP"(rB(,,,) < t) 

< ctsup sup sup \p{y,0\ 

xeD \y-x\<r \^\<l/r 

< ctsup sup \p{x,^)\. 

xeU \^\<l/r 

The assertion follows from the fact that the symbol p{x, C.) is locally bounded. □ 

A close inspection of the proof of Theorem 3.4 reveals that for all strong Markov 
processes which have the strong Feller property and which satisfy Proposition 3.5 the 
function x H- E^m(Xt-^) is continuous on U. There are many examples of such processes. 
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e.g. all diffusion processes with strictly positive definite diffusion matrix in [4] and 
Feller processes which have the strong Feller property and whose generator has locally 
bounded coefficients. 

Let us indicate an interesting consequence of the continuity of x i— ?• ¥j^u{Xr^) for any 
u G Bh(E!^) and any open set U. 

Theorem 3.6. Let {Xt}t>o be a Feller process with transition semigroup {Tt}t>o (ind 
generator {A,D{A)) given by (3.10), (3.11). Assume that for any bounded open set U 
and all bounded measurable functions u, the function x t— t- E^M(XT-y) is continuous on 
U, where Tu = mi{t >0:X{t)^U}. If 

lim / i^(x, dz) = oo for all x G R*^, 

''^^J{z:\z\>r} 

then the corresponding resolvent operators Ra = e^^^Ttdt, for every a > 0, have the 
strong Feller property, i.e. each maps Bb(K'^) to Ch{R'^). 

Proof. Recall that a bounded measurable function /i : R'' — )■ R is said to be harmonic 
in D C R*^ if for any bounded open set U dU (Z D, 

h{x) = W{h{Xr^)), xeU. 

This means that under the assumptions of Theorem 3.6, all bounded harmonic functions 
are continuous. 

Next, we follow the proof of [25, Theorem 6.3]. For fixed x G R'*, a,r > and 
u G e^^fe(R'^), the strong Markov property shows for all z G B{x,r) 

"Tfl(a:,r) 

e-"*u(X,) ds 



Rau{z) = W 
= 

+ E" 







+ E" 



RaU{X. 



TB(x,r) / 



TB{x,r) 



e-°'u{Xs) ds 



Note that, the function z i— j- W (^RaU^XT^^^ ^^)^ is bounded and harmonic in B{x,r), 
hence it is continuous. Using the elementary estimates |e~"'* — 1| < as and |e~"*| < 1 
we get that the first two terms on the right hand of the inequality above do not exceed 

2||m||oo sup WTB(x,r) +'2a\\RaU\\oo sup E'^TBix^r) < 4:\\u\\oo SUp WTB{x,r)- 

zeB(x,r) z&B{x,r) zeB(x,r) 

Using Proposition 3.7 below we find for any y G B{x,r), 



sup E''TB{x,r) < sup E''TB(z,2r) < 2 
z£B{x,r) z(iB(x,r) 

< 2 



inf 



z/(a;, dz) 



y{y,dz) 



□ 

' {z : \z\>9r} 

The proposition below provides the estimates for the first exit time, which are inter- 
esting on their own. For Levy processes (3.12) can be found in [20, (3.1)]. 
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Proposition 3.7. Let {Xt}t>o be a Feller process with generator {A,D{A)) such that 
C^(R'^) C D{A) and A\Qoo(^^d^ = —p{x,D) with symbol p{x,^) given by (3.11). For 
any x G R'^, 1 > r > and t > 0, 



(3.12) 



N tH(x,r) 

P"(rB(x,r) <t)< 



and 



(3.13) 



P"(rB(.,.) >t)< 



1 



t h{x, r) ' 



hold with 



H{x, r) = sup 



y: \y-x 



<r I 



+ 



\ V ajj{y) + {y-x)- (b{y) - / 

^ ~7 V J{r<\z\<l] 



zu{y,dz] 



\z\^v{y,dz) + / y{y,dz) 

J{\z\<r} J{\z\>r} 



and 



h{x,r) = inf / u{y,dz). 

y-\y-A<r J{z:\z\>?,r} 



Moreover, we have 



< TB(x,2r) < 



H{x,t) 



h{x, 3r) 



where Ci and C2 are some positive absolute constants. 

Proof. The Levy-Khinchine formula (3.11) and a standard Fourier inversion argument 
in (3.10) show that the generator A has the following integro-differential representation 



1 

Au{x) =- ajk{x)djku{x) + b{x) ■ Vu{x) 



j,k=i 

+ / (^u{x + z) — u{x) — \/u{x) ■ zt{\z\<i}) dz); 
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note that this expression is well defined for all u G C^(R'^), cf. e.g. [23]. For any x G R'^ 
and r > 0, set u^{y) = exp (— \y — xp/r^). Then, 



L j,k=l j=l 





-iy- 


- x) ■ 


+ 


/ 


exp 1 




I{\z\<r} 




+ 


/ 


exp ( 




J{\z\>r} 





zv{y,dz) 



{r<\z\<l} 

\y — X + z\'^ — \y — x\ 



\y — X + z\'^ — \y — x\ 



2{y - x) ■ z 



u{y,dz) }. 



v{y,dz) 



Since G ^ is a rapidly decreasing function and, as such, in the domain of the Feller 
generator A — see e.g. [23] — standard stopping arguments show that 

M, := 1 - <(Xi^.^,_,) + / Au^^{Xs)ds 

Jo 

is for every a martingale w.r.t. the canonical filtration {^t}t>o of the Feller process 
{Xt}t>o; moreover E^(Mj) = for all t > 0. Now 

P^(ri,(.,.) < t) < (1 - e-')-' E^l - KiXtA^s^^ J) 

< (l-e-i)-iE^(tArB(,,,)) sup {- Au^Xy)). 

y : \y—x\<r 

Using the inequality 1 — < x, x > 0, we find 



sup ( - Au'^iy)) 
< sup 

y: |?;-x|<r I 



I Y] (^niv) + {y-x)- (b{y) - ! 
1 

- — X] ^jk{y){yj - Xj){yk - Xk) 



{r<\z\<l} 



zu{y,dz) 



j,k=i 



\z\^v{y,dz) 



v{y,dz) 



{\z\>r} 



< sup 

y: \y-x\<r 



+ -2 



\ + {.y-x)- (b{y) - I 

2 ,=1 V 

z\^ uiy, dz) + 



zu{y,dz) 



r J{\z\<r} 



{r<\z\<l} 

u{y,dz) \. 



{\z\>r} 
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This completes the proof of (3.12). 

For (3.13) choose a function v^. G C^(R'^) such that v^{y) = 1 if y G B{x,r) and 
<(y) = if ?/ ^ B{x, 2r). Then, 

1 - P"(rB{.,r) > t) 
>1-E^«(X,,.^^^,^) 

-Lv%Xs_) ds 



= E^ 
= E^ 







<(y) - <(y + ^) + V<(2/) ■ zl{|.|<i} ) i^iv, dz) 
l-v''^{y + z))v{y,dz) 



ds 



y=Xs 



ds 



>tV%TBM>t) inf I 

yeB{x,r) Jj^ . 

>tF%TBix,r)>t) inf /" 
yeB{x,r) J s, 



y=Xs 
iy{y,dz) 



{z : \y+z-x\>2r} 

iy{y,dz). 



'{z : |z|>3r} 

This proves (3.13). 

Finally, for any x G R'^ and r > 0, the Markov property and (3.13) entail 

P^(rB(.,./2) >t) = E^(p^*/^(rB(.,./2) > t/2) ■ 1{.,(,,,/,)>V2} 

< P"(rB(.,./2) > t/2) sup P^TBCy,.) > t/2) 

yeB{x,r/2) 

<4(t^Mx,r/2)^^mf^^^^My,r))"^ 

< (^h{x,3r/2))~\ 

This estimate and (3.12) at hand allow us to use the argument from [23, Theorem 4.7] 
to get the two-sided estimate for E^TB(x,2r)- CH 

We close this section with the remark that the argument of Theorem 3.6 also yields 

Corollary 3.8. Let {Xt}t>o be a Feller process with transition semigroup {Tt}t>o and 
generator {A,D{A)) given by (3.10), (3.11). Assume that for any bounded open set 
U and all bounded continuous functions u G Cf,(R"'), the function x t— 'Wu{Xt-^) is 
continuous on U , where Tu = mi{t > : X{t) ^ U}. If 

lim / z/(x, dz) = oo for all x G R*^, 

^-^0 J{z:\z\>r} 

then the corresponding resolvent operators = e~°'^Ttdt, for every a > 0, have the 
Cb- Feller property, i.e. each Ra maps Cf,(R'^) to Cb(R'^). 
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